The discussion of renormalization group flows in four-dimensional conformal field theories has recently focused on the a-anomaly. It has recently been shown that there is a monotonic decreasing function which interpolates between the ultraviolet and infrared fixed points such that ∆a = a UV − a IR > 0. The analysis has been extended to weakly relevant and marginal deformations, though there are few explicit examples involving interacting theories. In this paper we examine the a-theorem in the context of the gauged vector model which couples the usual vector model to the Banks-Zaks model. We consider the model to leading order in the 1/N expansion, all orders in the coupling constant λ, and to second order in g 2 . The model has both an IR and UV fixed point, and satisfies ∆a > 0.
Introduction
A persistent issue in quantum field theory (QFT) which has received considerable attention is whether renormalization group (RG) flows are reversible. That is, if there are conformal field theories (CFT) A and B such that there is a flow of A → B, can one also flow from B→ A? In two dimensions there exists a monotonically decreasing c-function, which connects ultraviolet (UV) and infrared (IR) CFT's which is known to be irreversible, such that the number of degrees of freedom decreases as one flows from the UV to the IR CFT's [1] .
Similarly the same question for four-dimensional QFT's is of long-standing interest. A generalization of the two-dimensional discussion uses the fact that the trace of the stressenergy tensor T µν in a four-dimensional CFT in curved space has T µ µ = 0 due to trace anomalies a and c, where [2] T with E 4 the Euler density and W 2 µνρσ the square of the Weyl tensor. In this context, Cardy [3] conjectured that a UV > a IR (1.2) for flows from a UV CFT to an IR CFT. This was originally studied in a number of examples [4] [5] [6] . Holographic models of the a-theorem have also been studied in the context of the AdS/CFT correspondence and have provided proof of Cardy's conjecture for these models [7, 8] .
More recently Komargodski and Schwimmer [9] proved (1.2) for all unitary RG flows such that there is a monotonic decreasing function which interpolates between a UV and a IR . The theorem has been exemplified by several variants of non-interacting theories in various spacetime dimensions [10] [11] [12] . There are however few known applications of the theorem to theories with interactions. The analysis of [9] was amplified further by Komargodski [13] to cases with weakly relevant deformations and to marginal deformations. An example of marginal deformation is the Banks-Zaks model [14] , for which case [13] computes (∆a) BZ and shows that it satisfies (1.2) in the flow from the UV to the IR fixed point.
Another interesting example of marginal deformations which we discuss in this paper is the gauged vector model in four dimensions [15, 16] which couples the Banks-Zaks model to the usual vector model [17] [18] [19] [20] [21] [22] [23] [24] . The gauged vector model is reviewed in detail in section 2. The model has a scalar field φ a and N f fermions ψ a , both in fundamental representation of U (N ), with λ(φ 2 ) 2 coupling, together with U (N ) Yang-Mills gauge fields coupled to the matter sectors. The calculations are carried out to leading order in 1/N , to fourth order in the gauge coupling constant g, and all orders in λ. The couplings and N f /N can be chosen so that the theory is asymptotically free, and has a Banks-Zaks type marginal fixed point in the IR in both (λ, g 2 ). With suitably chosen initial values of (λ, g 2 ) and N f /N , there is a flow from UV → IR fixed points. We will show, to the order which we compute, that using the methods of [13] the a-anomaly satisfies ∆a = a UV − a IR (1.3) = (∆a) gauge + (∆a) scalar + (∆a) gauge−scalar > 0.
If (λ, g 2 ) do not lie in the range required for the existence of the IR fixed point, then either (λ/g 2 ) → ∞ with ∆a → +∞, or g 2 → −∞, which is not a consistent gauge theory.
In section 2 we review the gauged vector model, with RG flows of the coupling constants (λ, g 2 ) and the conditions consistent (or not) for UV → IR fixed points. In section 3 we use the Komargodski strategy for marginal deformations to compute ∆a for the gauged vector model, which will also expose the pathlogies described in section 2. A summary of the results appears in section 4.
2 The gauged vector model
The model
We consider the gauged U (N ) vector model in four spacetime dimensions [15, 16] . The theory has gauged complex scalar fields, transforming in the fundamental representation of the U (N ) symmetry group, along with N f fermions which are also in the fundamental representation. The renormalized Lagrangian density of the theory is given by [15, 16] 
where g and λ are the gauge and scalar coupling constants, respectively, µ 2 is the scalar mass, and D is the covariant derivative. A µ is the U (N ) gauge field transforming in the adjoint representation. F µν is the gauge field strength and χ is a Lagrange multiplier which is a singlet of U (N ). One can eliminate χ using the Euler-Lagrange equation in lowest order, which gives χ = |φ| 2 + 2µ 2 , and recover the λ|φ| 4 interaction term and the mass term for the scalar field. In what follows we set µ 2 /λ = 0.
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The fields and the coupling constants in (2.1) have been rescaled such that there is an overall factor of N multiplying the Lagrangian density as follows:
and λ → N −1 λ. Further, the gauge field is also rescaled according to A µ → g −1 A µ . Then 1/N is an appropriate expansion parameter for the large-N limit. Note that the Yukawa coupling between scalars and fermions is absent because both fields transform in the fundamental representation of U (N ). We will present and evaluate the RG equations for the coupling constants for the purpose of computing the change in the a-anomaly for the RG flow from the UV to the IR fixed point. The details of the computation of ∆a are described in section 3. In the remaining part of this section we review the analysis of the renormalization group flow in the large N limit of the U (N ) gauged vector model, and present the solutions to these equations.
RG equations
The RG equations satisfied by coupling constants in a renormalizable quantum field theory with scalar, fermion, and gauge fields and quartic scalar couplings have been derived in [25] [26] [27] to two-loop order and to three-loop order in [28] for fields transforming in different
, it is consistent to do so where
representations of a general gauge group. Using results of [25] [26] [27] , β-functions for the scalar and gauge coupling constants in the U (N ) gauged vector model are evaluated in [15, 16] in the large-N limit, and are given by
2)
where M is an arbitrary mass scale, and the ellipsis correspond to higher order terms in g 2 .
The 3-loop gauge beta function is given in [28] . It is noteworthy that the scalar coupling constant first appears in the 3-loop contribution to β g , in a term of O(g 4 λ) and one of
The β-functions (2.2) and (2.3) are obtained at leading order in 1/N , all orders in λ, and to second order in perturbative expansion in g 2 . In the large N limit and with the ratio N f /N fixed, the RG coefficients for the gauge coupling are given by [29] 4) and the RG coefficients for the scalar coupling are [25] [26] [27] 
Solutions to the RG equations
In this subsection we present solutions to the RG equations. Following [15] we define two new variables t and x(t):
t ≡ log M, (2.6)
The RG equation for the gauge coupling (2.2) then reads
Following [15, 30] we define two other variables
The RG equation for the scalar coupling (2.3) then reads
Note that the RG flow equation for the gauge coupling constant (2.8) does not depend on y to second order in x which we are considering. However, the RG flow of y in (2.11) does depend on x. In order to solve the RG flow equation (2.11) we first evaluate x(s). Inserting equation (2.10) in (2.8), the flow equation of x reads 12) to second order in x(s). Defining
we integrate equation (2.12) from x(s = 0) = x 0 to x(s > 0), and find
and obtain
Equations (2.10) and (2.15) relate t to s, as follows:
where t is a single-valued function of s, with s = 0 for t = 0, and s → ±∞ as t → ±∞.
The RG flow equation (2.11) can be written as
where 18) and y ± (s) > 0 for all values of s. Equation (2.17) is then solved using x(s) derived in (2.15) and the RG flow coefficients given in (2.4) and (2.5).
In order for the theory to be asymptotically free in the UV regime the following constraints are required to be satisfied [15, 16] 
The theory has a Banks-Zaks fixed point for the gauge coupling constant in the IR regime when the ratio N f /N is the range [14] 34
The value of the gauge coupling at this fixed point is
It is shown in [15] that for the ratio N f /N in the above range, there exist fixed points for massless scalar coupling constants in the IR limit. In addition, the reality condition of the coupling constants puts a more stringent constraint on the ratio then (2.20), i.e., 3 2
The RG flow in the gauged U (N ) model is determined by solving equations (2.12) and (2.17) . Appropriate values of the coupling constants, which are non-negative and which yield asymptotic freedom, are located inside a wedge in the space of the coupling constants restricted by the two curves y ± (s) defined in (2.18) [15] . If the value of y(s) is greater than 
Perturbative limit
Consider RG flows from the UV fixed point to an IR fixed point such that the IR fixed point is reached perturbatively in the space of coupling constants. This allows us to use perturbation theory to analyze the RG flow and compute the change in the a-anomaly.
Starting from the UV fixed point where coupling constants vanish, the IR fixed point is obtained for parametrically small values of the coupling constants. Consider equations (2.2) and (2.4) for the gauge coupling constant, with the number of fermions N f → ∞ such that N f /N approaches 11/2 from below. Define
The gauge RG coefficients (2.4) can be written in terms of as
, (2.24)
The scalar RG coefficients (2.5) in the limit (2.23) read
Using equation (2.12), we find that the IR fixed point for the gauge coupling constant g 
The beta function for y(s) in (2.11) is then written in the perturbative limit using the above relations. The wedge functions y ± (s) (2.17) in this limit are of the form
At the IR fixed point x(s → −∞) = x * and
In the limit 1, the leading behaviour of the gauge coupling constant (2.28) is
The value of the scalar coupling constant is
to leading order in . The smallness of (2.23) justifies parametrically small values of both the gauge and scalar coupling constants, which makes them suitable for performing perturbation theory. Figure 2 plots the RG flow in the perturbative limit for the two choices of = 0.1 (2a) and = 0.01 (2b). Values of the gauge and scalar coupling constants are found at the IR fixed point using the vertical line on the right side of the frame. Note the sensitivity to the initial conditions in the two plots in Figure 2 . 3 The a-theorem for marginal perturbations
Strategy
Komargodski [13] extended the discussion of [9] to the discussion of weakly relevant flows and to perturbation by marginal operators by promoting coupling constants to a function of spacetime. One considers the effective theory at mass-scale M along the flow from a UV to an IR fixed point by writing the coupling constants in terms of M and a compensator F = exp τ . In our case the couplings of the gauged vector model are modified by
which renders the theory conformal. One extracts the dependence on τ by expanding the Lagrangian (2.1) around τ = 0, and focusing on the leading non-trivial terms, which are quadratic in τ . As shown in [13] , the expansion in τ corresponds to an expansion in the "distance" from the fixed point in coupling constant space, so that corrections to the leading non-trivial contribution are suppressed. This strategy is appropriate to the gauged vector model described in section 2.
Application to the gauged vector model
In order to compute ∆a we evaluate the Euclidean path integral and determine its τ -dependence. The coefficient of four-derivative terms in τ in the effective dilaton action gives the change in the a-anomaly [13] . In the gauged vector model we consider, the gauge and scalar coupling constants are parametrically small and the IR fixed point is reached perturbatively from the UV fixed point. The Euclidean path integral is then expanded perturbatively around the free theory. The strategy explained in section 3.1 can be implemented for (2.1), where the τ -dependence is obtained by expanding the Lagrangian about τ = 0. This gives
where the ellipsis correspond to higher order terms in τ expansion 2 . The β-functions in (3.2)
where β λ and β g are given explicitly in (2.2)−(2.5).
In the expansion of the functional integral, terms which are quadratic in τ yield fourderivative terms in the effective action to the leading order in [13] . These terms are of the form
2 Our gauge coupling constant g differs by a factor of 2 from the coupling constant g K in [13] due to different conventions for the Lagrangian in our (2.1) as compared to equation (3.5) of [13] . The two coupling constants are related as 2g
To obtain the result to leading non-trivial order in the coupling constants, we compute the correlators in (3.4) to leading order, i.e., in free-field theory. The result is
The two-point function (3.7) vanishes at leading order in in perturbation theory. That is,
The contribution to the effective action of the dilaton comes from the energy slice d log M , which following [13] is of the form
where
. Inserting (3.5)-(3.7) and (3.9) in (3.4), the leading dilaton contribution reads
Observe from (2.2) and (2.4) that β g in the last line in (3.10) is independent of the scalar coupling constat λ. We first consider the contribution from β g and integrate over all energies to compute the change in the corresponding a-anomaly (∆a) gauge . Following [13] , we get For flows for which y(s) < y − (s), one evolves in the IR to y(s) → −∞, which is excluded as it leads to unphysical result (λ/g 2 ) < 0. These pathologies restrict the application of (3.10) to allowed flows in figure 2.
Conclusions
In this paper we extended the analysis of [13] to a more general Banks-Zaks type fixed point, i.e., the gauged vector model in four dimensions. For allowed flows, we find from the argument of [13] ∆a = a UV − a IR 
